Abstract. Let R be any associative ring with unity and X be a class of R-modules of closed under direct sum (and summands) and with extension closed. We prove that every complex has an C(X * )-cover (C(X * )-envelope) if every module has an X -cover (Xenvelope) where C(X * ) is the class of complexes of modules in X such that it is closed under direct and inverse limit.
Introduction
Definition 1.1. (X * − complex ) Let X be a class of R-modules. A complex C : . . . −→ C n−1 −→ C n −→ C n+1 −→ . . . is called an X * − (cochain) complex if C i ∈ X for all i ∈ Z. A complex C : . . . −→ C n+1 −→ C n −→ C n−1 −→ . . . is called an X * − (chain) complex if C i ∈ X for all i ∈ Z. The class of all X * − complexes is denoted by C(X * ). In [2] and [3] ,respectively, it is proved that if R is a noetherian ring, then every complex of R-modules has a #-injective cover and if R is a Gorenstein ring, then every bounded complex has a Gorenstein projective precover. Using the proof of Lemma 7 in [3] , we give a generalization of [2] and [3] . (See [4] and [5] for the other definitions and concepts.) Throughout the paper X denotes a class of R-modules.
General Results
Lemma 2.1. Let for all n ∈ Z, 0 −→ P n −→ X n is an X − precover of X n . Then we have a monic chain map 0 −→ P −→ X where P : ... → P 2 → P 1 → P 0 → ... and X : ... → X 2 → X 1 → X 0 → ... .
Proof. It is trivial.
Theorem 2.2. Let every module have a monic X − precover(or an epic X − preenvelope) then every complex X has a monic C(X * ) − precover(or epic C(X * ) − preenvelope). Moreover if every module has a monic X − cover(or epic X − envelope), then every complex X has a monic C(X * ) − cover (or epic C(X * ) − envelope).
Proof. Let X be any complex and 0 → P n → X n be an X -precover of X n . By Lemma 2.1 there exists a complex P : ...
* -complex and f ′ : P ′ −→ X be a chain map. Then we have the following diagram as follow:
where since P ′ is an X * − complex and f ′ : P ′ −→ X be a chain map, we can find θ n :
, for all n ∈ Z. Now we will show that θ is a chain map. Since f n is a chain map,
. So θ is a chain map. Let 0 −→ P −→ X be a monic chain map such that 0 −→ P n −→ X n is
an X − cover of X n . Then 0 −→ P −→ X is an C(X * ) − cover of X. Because we have the following diagram:
We can find that for all n ∈ Z, θ n is an automorphism. By the proof above θ : P → P is a chain map such that f θ = f . Since for all n ∈ Z, θ n is a automorphism, θ is an automorphism with f θ = f . So 0 −→ P −→ X is a cover of X. Dually we can find a C(X * ) − preenvelope(envelope); X −→ E −→ 0. Lemma 2.3. Let X be closed under finite sum. If every module has an X -precover, then every bounded complex has an C(X * )-precover.
−→ X 0 −→ 0 be a minimal X -precover resolvent of X 0 . Let A be an X * -complex and β ∈ Hom(A, X(0)) where X(0) : ... −→ 0 −→ X 0 −→ 0 −→ 0 −→ .... We have the diagram as follow:
where φ 0 λ 0 = β 0 and λ 0 a 1 ∈ Hom(A 1 , Kerφ 0 ). Then there exists
is a precover and similarly we can define λ n ∈ Hom(A n , E ′ n ) such that f n λ n = λ n−1 a n . Thus, E ′ :
We will use an induction on n to prove that X(n) has a C(X * )-precover. We proved that X(0) has a C(X * )-precover above. Suppose
. is a precover of X n+1 where t 0 : E 0 → X n+1 is a precover of X n+1 . Then we have the following commutative diagram:
where
Let C be the mapping cone of ν :
We show that C −→ X(n + 1) is an C(X * )-precover of X(n + 1). Let A ∈ C(X * ) where
Then we have the following diagram:
Firstly, we will find θ n+1 such that λ n+1 θ n+1 = θ n a n+1 and (0, t 0 )θ n+1 = β n+1 . We know that φ n λ n+1 = ℓ n+1 (0, t 0 ) by (*). Since β n+1 : A n+1 −→ X n+1 and A n+1 ∈ X and t 0 : E 0 −→ X n+1 is an X -precover of X n+1 , there exists r :
where k ∈ {0, 1, ..., n} and then
−→ E 0 −→ 0 (where E 0 is in the nth place) is an C(X * )-precover of X n+1 . We claim that for every
(by (**) and diagram (1)). Secondly, let's find θ n+2 . We know that (0, t 0 )λ n+2 = 0. Since (0, t 0 )(θ n+1 a n+2 ) = 0 and t 1 : E 1 −→ Kert 0 is an X -precover, there exists r 1 :
* . Thus there exists s 1 :
Lemma 2.4. Let X be closed under finite sum. If every module has an X -preenvelope, then every bounded complex has an C(X * )-preenvelope.
.. be a minimal X -preenvelope resolvent of X 0 . Let A be an X * -complex and β ∈ Hom(X(0), A) where
Then we have the diagram:
...
..
where λ 0 φ 0 = β 0 and since
... We will use an induction on n to prove that X(n) has an C(X * )-preenvelope. At the beginning we proved that X(0) has an C(X * )-
−→ ... be an C(X * )-preenvelope of X n+1 (where X n+1 and E 1 is in nth place) where t 0 : X n+1 −→ E 1 is an X -preenvelope of X n+1 . Thus we have the morphism ν making the following commutative diagram:
...(1) Let C be the mapping cone of ν :
and for k ≥ 1
We show that
where λ n+1 1 (x, y) = λ n+1 (x, a) and y = a + Imt 0 for a ∈ E 1 . We claim that for every S ∈ C(X * ), Hom(L k , S) is exact where k ∈ 
And so,
a resolution of cokert 0 , and hence Hom(
Then we have the diagram as follow:
First, we will find θ n+1 such that θ n+1 λ n = a n θ n and θ n+1 (0, t 0 ) = β n+1 . Moreover λ n φ n = (0, t 0 )ℓ n by (*). Since β n+1 : X n+1 −→ A n+1 and A n+1 ∈ X and t 0 : X n+1 −→ E 1 is an X -preenvelope, there exists r :
Therefore θ n+1 λ n = a n θ n . Secondly, let's find θ n+2 . We know that λ n+1 (0, t 0 ) = 0. Since α :
is a map and t
is exact, and so
where y = a + Im(t 0 ) and a ∈ E 1 , we have that
Again using the tecnique of Alina Iacob we can give the following result.
Proposition 2.5. Let X be a class of modules with closed under direct sum. If every module has an X -precover, then every bounded above complex has a C(X * )-precover.
and β ∈ Hom(A, X) where A is an X * -complex. Again using the proof of Lemma 2.3 we can find φ ∈ Hom(D, X).
If we continue in this way, then we can find
Using the modification to complexes of Corollary 5.2.7 in [5] we can give the following result.
Corollary 2.6. Let X be a class with closed under direct sum and C(X * ) be closed under direct limit. If every module has an X -precover, then every bounded complex has a C(X * )-cover.
Theorem 2.7. Let X be closed under direct sum and extension closed . Let C(X * ) be closed under inverse and direct limit. If every module has an X -cover, then every complex has a C(X * )-cover.
Proof. First we will show that every complex has C(X * )-precover if X is a class of modules with extension closed and closed under direct sum and C(X * ) is closed under inverse limit. And then modifying Corollary 5.2.7 in [5] we can find a C(X * )-cover if C(X * ) is closed under direct limit. Then Ker(T n+1 → T n ) = ... → E 2 −n−1 → E 1 −n−1 → Kerφ −n−1 → 0 is the kernel of a C(X * )-cover of Y −n−1 . By Wakamatsu's Lemma Hom(S, T n+1 ) → Hom(S, T n ) → 0 is epic for any X * -complex S. Since we have the exact sequence 0 → T n → D n → Y n and D n is a C(X * )-cover of Y n , we have the exact sequence 0 → Hom(S, T n ) → Hom(S, D n ) → Hom(S, Y n ) → 0 for any X * -complex S. By the modification of Theorem 1.5.13 and 1.5.14 in [5] we have the following exact sequence; 0 → Hom(S, lim ← − T n ) → Hom(S, lim ← − D n ) → Hom(S, lim ← − Y n ) → 0. So, lim ← − D n is a C(X * )-precover of X.
Dually, we can say the following theorems without proof; Proposition 2.8. Let X be closed under direct sum. If every module has an X -preenvelope, then every right bounded complex has a C(X * )-preenvelope.
Using the modification to complexes of Corollary 6.3.5 in [5] we can give the following result.
Corollary 2.9. Let X be a class with closed under direct sum and summands and C(X * ) be closed under inverse limit. If every module has an X -preenvelope, then every bounded complex has a C(X * )-envelope.
Theorem 2.10. Let X be closed under direct sum and summands and extension closed and C(X * ) be closed under inverse and direct limit. If every module has an X -envelope, then every complex has a C(X * )-envelope.
